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Abstract. In this paper we compute the values of the p-adic multiple poly- 
logarithms of depth two at roots of unity. Our method is to solve the fun- 
damental differential equation satisfied by the crystalline frobenius morphism 
using rigid analytic methods. The main result could be thought of as a com- 
putation in the p-adic theory of higher cyclotomy. We expect the result to be 
useful in proving non- vanishing results since it gives quite explicit formulas. 

1. INTRODUCTION 

Let G„i Spec z^^] denote the multipHcative group and ^m, the kernel 
of multiplication by M on G„j, for AI > 1. Let Y]\j := Gm \ Mm, and Y^j denote 
the base change of Ym to L := where C is a primitive M-th root of unity. 

Choosing appropriate (tangential) basepoints Deligne and Goncharov define the 
unipotent motivic fundamental group 7r™°*(Y^^, •) of Y^j whose ring of functions is 
an ind-object in the tannakian category of mixed Tate motives over Ol[M^^ [4j 
§5]. 

The comparison between the Betti and de Rham realization of this fundamental 
group is completely described by the cyclotomic versions of multi-zeta values [H 
Proposition 5.17]. Namely, fix an imbedding of L in C, and identify L with its 
image. The Lie algebra of the de Rham fundamental group of Y^j over C is the free 
pro-nilpotent Lie algebra with generators {e,j}o<i<M, where cq (resp. e^) correspond 
to taking residues at (resp. C*) (cf. i j2.1.3l below). Hence the C- valued points 
of the de Rham fundamental group is the set of group-like elements in the (non- 
commutative) formal power series ring C((eo,--- ^sm)) (loc. cit.). The image of 
the Betti path from the tangential basepoint 1 at to the tangential bascpoint 
-1 at 1 under the de Rham-Betti comparison isomorphism then gives a group- like 
element 170 in C((eo, • • • ,eA/)). Then by [4, Proposition 5.17], the coefficient of 
^o"'~^6i„ ■ • • e^^^^Ci^ in 170, where M > im, • • • , ii > 1 and Sm > 1, is 

(^im("m-l— »m)H h(-iini) 



(-1)" E 



n,„>--->ni>0 ^ 

The study of these numbers is the Hodge-theoretic analog of higher cyclotomy [B] . 

The main result below is the crystalline analog of the above for m < 2. We de- 
scribe this in more detail. Letting p be a prime which does not divide M, 7r™°*(Y^'^, •) 
has good reduction modulo p, and hence one would expect a crystalline realization 
of this motive at p. This is completely described by the frobenius action on the 
de Rham fundamental group TTi.dR{X']^i, •), where is the base change of Yl,j to 
QpiC). Let gi denote the image of the canonical de Rham path from the tangential 
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basepoint 1 at to the tangential basepoint 1 at QI'p (c.f. §2.2.3p . As above gi 
is naturally in Qp(C)((eo, • • ■ , cm))- The main result of the paper, Theorem 16.4.31 
below, gives an explicit formula for the coefficient of ejeQ~^efceQ~^ in t/i, in terms 
of iterated sums, exactly as above. Since gi is group-like, this also determines the 
coefficients of terms of the form eQ~"'^ejeQ~"'^efceQ~^. This might be thought of as the 
p-adic theory of higher cyclotomy in depth two. 

Next we describe the contents of the paper. In §2, we review the de Rham and 
crystalline fundamental groups of a curve in a way which will be suitable for our 
purposes. In particular, using the horizontality of the frobenius with respect to 
the canonical connection we arrive at the fundamental differential equation (|2.2.8|) . 
At the end of this section, we fix the notation for what follows. In §3, we obtain 
a certain relation between the coefficients of the power scries expansions of rigid 
analytic functions on Um, which is essential for the computations (Corollarv l3.0.4p . 
In §4, we compute of the polylogarithmic part which is fairly straightforward. Next 
there is a section on the type of iterated sums that appear in the computations. 
These functions will appear as coefficients of the power series expansions above 
and will satisfy the hypotheses of Corollary 13.0.41 so the inductive process will 
continue. In §6, we will proceed with the computation, and finish with the main 
result in Theorem 16.4.31 

2. The fundamental differential equation 

Fix a prime p, which does not divide M. Let Xm and X'j^^ denote the base change 
of Ym to Qp and Qp(C)- Let Am and A'^^ denote the rings of regular functions on 
Xm and X'^^j respectively. Finally, let Dm ■= Xm \ X'm- 

2.1. The de Rham fundamental group of X']^J. We review the theory of the 
de Rham fundamental group [2, 10.24-10.53, §12], [B] §4, §5] in the case of 

2.1.1. The fundamental torsor. Let K be any field of characteristic and X/K be 
a smooth and geometrically connected curve and Mic„„i (X/ K) denote the category 
of vector bundles with integrable connection which are unipotent, i.e. that have 
a finite separated and exhaustive filtration by sub-bundles with connection such 
that the non-zero graded pieces are the trivial line bundle with connection. This 
category naturally forms a tensor category over K in the sense of [2 §5.2], [3]. 

Let S/K he a scheme over K and let Vecs denote the category of locally free 
sheaves of finite rank on S and u! : MiCuni{X/K) — >■ Vecs be a fiber functor [21 
§5.9]. Then to uj there is associated a if-groupoid acting over S [31 §1.6] called 
the fundamental groupoid of X at w and denoted by VdR{X,uj). The fundamental 
groupoid is faithfully fiat and affine over S Xk S and represents the functor on the 
category of S* x S'-schemes whose T- valued points for any tt : T ^ S x ^ S is the 
set of (8)-isomorphisms from tt*P2UJ to 7r*p*w, where pi, p2 '■ S x S ^ S are the 
projections |3} §1.11, Theoreme 1.12]. 

Taking the cartesian product of VdR{X^ uj) ^ S Xk S with the diagonal A : — ^ 
S Xk S gives tti _dR{X,Lij), the fundamental group of X at the fiber functor u. 

Let X e S{K) then attaching J-{x), the fiber of F aX x, to T & Vecs gives rise 
to a fiber functor 

ujx ■■ MiCuniiX/K) VecK- 
Pulhng back VdR{X,uj) S Xk S via the inclusion S S Xk S that sends s 
to {s,x) we obtain a torsor TdRiX^u!)^ on S under the group scheme ni^dRiX^uJx)- 
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2.1.2. The de Rham fiber functor on Xm . From now on we assume that the smooth 
projective model X of X is isomorphic to P^. In this case, there is a canonical fiber 
functor §12]: 

uj{dR) : Mic„„,(X/if) ^ VecK 

defined as follows. 

For any {E,V) G MiCuni{X/K) let (i?caji,V) denote the unique vector bundle 
with connection on X that has logarithmic singularites with nilpotent residues at 
X\X. The pair {Ecan, V) is called the canonical extension of the unipotent vector 
bundle with connection {E, V). Since H^{X, O) — 0, the bundle Ecan is trivial [21 
Proposition 12.3] and the functor ujdR defined as 

can ) 

is a fiber functor '2}, §12.4]. For a subscheme Y oi X let 

uj{Y):MiCum{X/K)^VecY 

denote the fiber functor that sends {E, V) to E^anW- There are canonical isomor- 
phisms 

(2.1.1) UJdB.®KOY^Uj{Y) 

of fiber functors. 

_ Let VdR^ ■■= VdR{X^u:{X)), TdR^cc := rdi?(X, VdR VdRiX,io(X)) and 
'TdR,x ■= TdR{X,Lo{X))x. Finally let TdR. and TdR denote the torsors TdR.x and 
TdR,x after the identification (|2.1.1|) oiuodR. with u){x). Thus they are torsors under 
T^i^RiX) := TTi^dR{X,uJdR) and depend only on X. 

2.1.3. Connection on the fundamental torsor. Let Ax denote the diagonal in X Xk 
X and A^'' denote its first infinitesimal neighborhood. By the definition of VdR, the 
sections of its restriction to A^"* are (^-isomorphisms from 

where p^^'' : A^' X arc the two projections. If {E,\7) G MiCuni{X/K), then 
p\^'^*lli{X){E,'V) — p\^^*{E) and the connection V induces an isomorphisms from 
p''2^*{E) to p^j^^*{E) reducing to the identity on the diagonal. This in turn induces 
an isomorphism between the above fiber functors, and hence a section of Pd/jL (i) 

over A^^ which is the identity section when restricted to Ax- 

Therefore there is a canonical section of the restriction of VdR to A^-* which is 
the identity section on Ax. This gives a connection on the 7ri,rffl(X)-torsor TdR- 
Note that because of the canonical isomorphisms (12.1.11) TdR = T^i.dRi^) Xk X and 
TdR — 7ri_rf/j(X) X- A connection on TdR is nothing other than a morphisni 
A^^ — >■ TTi^dRiX) whose restriction to Ax is the constant map to the identity 
element of iri^dRiX)- This in turn is equivalent to giving a section oihie'!Ti^dRiX)(E)K 
r{X,il^^j^). By [2, §12.12], the connection on TdR. is the one that corresponds to 
the canonical section a of H]^p^{Xy®K H\ji{X) C hieni^dRiX) ®k ^{X, fi]^^^). 

From now on we let X — X'j^j and K — Qp(C)- The image of a in Lie 'r^i,dR{X)®K 
T{X, Q}^^^) under the canonical maps above can be described as follows. For any 

X ^ X\X and (i?, V), we have the residue endoniorphism 

reSa; . Ecani^^^ ^ Ecan{^') : 
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induced by the map that sends the local section u of Ecan near x, to (V{u),t-^), 
where i is a uniformizer at x. The residue endomorphism is independent of the 
choice of a uniformizer and satisfies, 

res^((£:i, Vi) ® (£^2, V2)) = 1 resa;(£:2, V2) + res^(£;i, Vi) (g) 1. 

Hence res^; G Lie7ri_£;fl(X, aj(x)). 

Under the identification (|2.1.ip . for 1 < i < Af, we let G LieTTi^dui^M) 
correspond to res^i and Cq to resg. If we also put loq dlogz and iVi :— dlog{z — Q), 
for 1 <i < M, then the section oiLieTTi^dR{X'^y[)®K^{X, 51^, y^) that corresponds 

to the connection on TdB. is X]o<j<Af ^i'^i- 

The de Rham fundamental group of X'j^j has a simple description. For any K- 
algebra A, denote the associative (non-commutative) algebra of formal power series 
in {ei\0 < i < m} over A by A{{eo, ■ ■ ■ , ba/)) and let 

UdR{A) ;= A((eo,-- - ,eM)). 

Then the universal enveloping algebra of 7ri ,j_R(XA/) ^dR{X'J^.J)(K) .The co-product 
of the Hopf algebra structure on UdR^A) is induced by the fact that are primitive 
elements: A(ei) = 1(8) 6^-1-6^(8)1, for 1 < i < M. The A- valued points of ^Tl^dR{X'J^,J) 
then correspond to the group- like elements in UdRiA), i.e. elements g satisfying 
^(ff) = 9^9 s-iid with constant term equal to 1. For any g let g denote the image 
of g under the Hopf algebra automorphism of UdR{A) that sends to p~^ei, for all 
i. 

The canonical connection on TdR = 7''i,(ii?(^M) x can be described as follows. 
A section oiTdR over X'^ is given by a group-like element in a{z) G where 
z denotes the parameter on Spec A'j^j = X'j^j C A]^ . Let 

d : UdRiA'.i) ^ lldRiA'^,)®A',„^\,^jK 

denote the continuous differential extending the canonical differential A'j^j — >■ Q,^, 
such that d{ei) = 0, for < i < M. In other words, applying d to an element a{z) 
amounts to applying d to each coefficient of a{z). 

With this notation, the image of a{z) in Lie 7^l_c^_R(X]^^)(g)^l^/ under the 
canonical connection V on TdR is: 

V{a{z)) — a{z)^^da{z) — a{z)^^{ eiLUi)a{z). 

0<i<M 

2.2. Crystalline fundamental group of ^^j. We review the theory of the crys- 
talline fundamental group as described in [31 §11] and [8, §2.4]. The comparison 
theorem between the crystalline and de Rham fundamental groups will give us the 
frobenius map which will be central to what follows. 

2.2.1. The de Rham- crystalline comparison. Let fc be a perfect field of characteristic 
p, with W the ring of Witt vectors and K its field of fractions. For a smooth variety 
Y/k, we have lsocl^^{Y/W), the category of unipotent overconvergent isocrystals 
on Y/W fSl §2.4.1], whose fundamental group at a fiber functor lu is the crystalline 
fundamental group, tt\ ^^.^^{YjLl!), of Y. Now suppose that Y has a smooth com- 
pactification Y/k such that D := Y \ Y is a. simple normal crossings divisor in Y, 
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and let Flog denote the canonical log structure on Y associated to the divisor D. 
Shiho's theorem implies that the restriction functor 

(2.2.1) Isoc:„,(F,„g/M^) ^ IsocljY/W), 

from the category of unipotent convergent log isocrystals on Yiog to Isoc]^„j(y/VF), 
is an equivalence of categories [8, Lemma 2]. 

This is in complete analogy with the situation over the field K of characteristic 0. 
If X/K is a smooth variety with a smooth compactification X/K and with simple 
normal crossings divisor E :^ X\X m X then the restriction 

(2.2.2) Mic„™(Xiog/if) ^ MiCum{X/K) 

gives an equivalence of categories [1] II. 5. 2]. 

The de Rham-crystalline comparison can be described as follows. Suppose that 
Z/W is a smooth, projective scheme with geometrically connected fibers and with 
F Z sl relative simple normal crossings divisor. Let Z := Z\T ^ and let (X, X, E) 
and (y, F, D) denote the corresponding data over the generic and special fibers 
respectively. The canonical functor 

Mic™,(Xiog/if) ^ Isoc^„,(Fz„<,/Ty) 

is an equivalence which, when combined with (|2.2.2|) and (|2.2.1|) gives the equiva- 
lence 

(2.2.3) MxCum{XlK) ^ IsocL(r/M^). 
Choosing a (tangential) basepoint z on Z^ we get an isomorphism 

where x and y are the generic and special fibers of z. 

Let a : W W denote the lifting of the p-power frobenius map on k, and 
let Z'-P\ denote the base change of Z/W via a and X'-P\ r(p) etc. the cor- 
responding fibers of Z'^p^ The relative frobenius morphism induces a iSJ-functor 
F* : laoci^^iY'^P^ /W) Isoct„(F/W^), and hence a map : irl^^y.iY^y) ^ 
■""i crysO^^'^"' tV^^'')- This, together with the above isomorphism, gives a morphism 

(2.2.4) : 7riMX,x) ^ 7ri,rffl(X(P), a;(f)). 

Similarly, for a pair of (tangential) basepoints zi and Z2 we obtain a morphism 

(2.2.5) : ^,,rMX)^, ~^ ^^.^VdRiX^"^) m ■ 

2.2.2. Tangential basepoints in the crystalline case. Tangential basepoints in di- 
mension 1 are explained in detail in 2, §15] and [Sj §3]. 

Let Z/W be as above with relative dimension 1, for simplicity, and let z e 
[Z \ Z){W) with fibers x and y. Let T^{Z)/W denote the tangent space of Z at 
z with the zero section removed. It is (non-canonically) isomorphic to Gm/W. Fix 
w G T^{Z){W), with fibers v G (Y){k) and u G T;^(X){K). The crystalline 
tangential basepoint at u is & fiber functor 

u;„:IsocL(r/l^)^VecK. 

Corresponding to the lifting Z, z and w and the identification of lsoc\^-^^{Y/W) with 
^iCuni{X/K) described above this fiber functor corresponds to the fiber functor 

ujy : MiCum{X/K) VecK 
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which associates to (E, V) the fiber Ecan{x) of its canonical extension at x. The ef- 
fect of choosing different hftings and the frobenius action of the tangential basepoint 
are explained in detail in [5J §3] . 

2.2.3. Cyclotomic p-adic multi-zeta values. Let denote the tangent vector 1 at 
and ti denote the tangent vector 1 at Q , for \ < i < M. Also for 1 < i < M, let 
i denote the unique integer such that 1 < i < M and M\{i — pi). Similarly, let i 
denote the unique integer such that 1 < i< M and M\{i — pi) and let = = 0. 
By (|2.1.1[) . for (tangential) basepoints Xi on there are canonical isomorphisms 
between tOxi. This gives a canonical element X2lxi of x2'PdR{X']^,f)xi, which we call 
the canonical de Rham path from xi to X2. 

For any 1 < i < M, we have elements toJti ■ F*{tilto) G "'i.dfll-'^M, ^o)(^), with 
K — QpiC)- Identifying uJt„ with ujdR using (j2.1.1[) . we obtain elements 

9i e TTi,dR.{X'M){K) C K{{eo, ■■■ , Cm)), 

for 1 < j < AI. Let g := qm- We denote the coefficient of the monomial e^j • • • ei„ 
in g by g[ei-^ ■ ■ ■ Ci^] and call it a cyclotomic p-adic multi-zeta value. 

The p-adic cyclotomic multi-zeta values completely determine the frobenius ac- 
tion on 7ri,d_R(-^M,io) ^ -^lARi^M) follows. 

First note that 

(2.2.6) F,(eo)=_peo, F^{e^) ^ pg^^ejgj. 

On the other hand, all the gi are determined by g through functoriality. Let 
denote the automorphism of X'j^^ given by ai{z) = Qz. Then ai*(eo) = eo and 
tti* (cj ) = Gi-i-j , where i + j is between 1 and M computed modulo AI. On the 
special fiber we have F o ai — Ui o F. By the functoriality of frobenius we have 

(2.2.7) a„{gj) ^ g.+j. 

2.2.4. The differential equation satisfied by the frobenius. Let us first recall the 
explicit description of the frobenius on Mic„„i(X^,j j^g/iiT), explained in detail in 

[SI §2.4.2]. Let Vm/W denote the formal scheme which is the completion of x'j^ 
along the closed fiber and let 2?m denote the divisor obtained by completing Dm. 
Let {'Pi}i<i<n be an open cover of Vm, and Ti : Vi — > Vi be a lifting of the 
frobenius such that T*{Vm n Pi) — p ■ (Vm n Pi). For a formal scheme V /W, 
let Vk denote the associated rigid analytic space over K. Now given (i?, V) in 
Mic„„i(X^,j iQg), its pull-back via the frobenius is defined as the vector bundle with 
connection whose restriction to PiK is given by j^{E, V)|^. ^ . The isomorphisms 
between the different pull-backs are given by using the fact that the connections 
converge within a p-adic disk of radius one and that the different liftings of the 
frobenius lie in the same disk 8, §2.4.2]. 

Let V denote the completion of X'j^ U {0, oo} along the closed fiber and let 
J"(z) = zP. Then T -.P is a. lifting of frobenius that satisfies J'*{0) ^ p ■ (0) 

and T*{oo) = p ■ (oo). We identify the ni^dR{X']^,j,to)-toisoi of paths that start at 
to (i }2XT|) with TdR ( pT3l) by using the identification of oj{to) and uidR fi J2T2|) . 
The principal part of sends to to itself [HI §3.2. (ii)]. Then by the description of 
the frobenius map above, we obtain the following commutative diagram: 
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TdnluM — J^*TdR\uM 



V 



where Um ■— Vk- Let Am denote the ring of rigid analytic functions on Um- 
Applying frobenius to the section of TdR\uM ^iid denoting ^",(74^) G UdR{AM) 
by gjr(z), we obtain the differential equation 

(2.2.8) - ^ F^{ei)uji ^ g~^dgjr ~ g^^{ ^ eiT*uJi)gjr. 

0<i<M 0<i<M 

Putting go = 1^ and = = 0, we can rewrite this as: 

(2.2.9) dgjr ^ { ^ e^T*bJ.i)gT - 3t{ X! Pd^^^^dt^i)- 

0<i<M 0<i<M 

Notation. In the following, we let ng = and di :— rii — n^-i, for i > 1. 
Suppose that s ~ (si,--- ,Sfc), where Sj are positive integers, i := (ii,--- ,ik), 
where 1 < ij < M, and a := {ai, ■ ■ ■ ,ar} C {ni\l < i < k} U {di\l < i < k}. Then 
we let 



S{s;i;a){z) -.^ p^^^^' S^ — 



■ Ti^'t/^n'iiH i-ikdk ' 

where the sum is taken over all < ni < • • • < rife, which satisfy both of the 
following two properties: 

(i) p Kn-i and 

(ii) p\ai, for all 1 < i < r. 

If we take the sum over all < ?ii < • • • < rik which satisfy (ii) then we denote 
the resulting series by T[s,i,a){z). We use S_{-) and T(-) to denote S{-) and T{-) 
without the factors. 

For any power series / G ^[[2:]], we let f[w\ denote the coefficient of z"" in /. 

Let 

Ql_ni-\ hi^rifc 



F(s;i;a)(n) :=pS."'^ 



where the sum is over all < ni < • • • < nfe < n that satisfy (i) and (ii) above. 
We denote the function obtained by taking the sum over < ni < • • • < n that 
satisfies (ii), by G{s_,i,a)(n). Similarly, let F_ and G be the versions without the 
p-power factor. Clearly, 

5;(s;i)[n] = — —£(s',i )("-)> 

where s' = (si, • • • , s/j-i) and i' — (^2 ^ *i, • ■ • , *fe — *fc-i), and there are similar 
relations for any a as above. 

Using the definition of L^^^ for an M-power series function L in Example 15.0.41 
(iv), we define F(si, (S2); j) as follows. Noting that 

i^(.„.2;..)(n)=p- E ^^^C^, 

0<k<n 

we put 

0<k<n 
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We define F{si, (s2);?,j;a) analogously, and we let :— F{-)^'\ 

If we put i = (i, j, k), then we define S{a, (b), c;i) and S{a, (b), (c); i) as follows: 

5(a,(6),c;i)[n] =^^^F(a,(fo);i')(n) 

and 

Sia, (6), (c);i)[n] = p%'^"F^^Ha, 
We define S{a,b, {c);i;a) and 5(a, (6),c;i;Q) and S{a, (6), (c);i;a) with analogous 
identities. 

When the limit exists, we let X^'H-) liuiN^oo F^-\-){q^). 

3. Rigid analytic functions on Um 

Let D{a, r) and I?(a, r)° denote the closed and open disks of radius r around a. 
Then Km = Pjf \ ^i<i<MF>{C 1)°. We will need the following proposition, which 
is a generalization of (Prop. 2, f5^). 

Proposition 3.0.1. Let f be a rigid analytic function on Um with /(O) — and a 
power series expansion 

/(z) = Va„^" 



0<n 



around 0. Then the sequence of rational functions 



OnZ 

0<n<A/p" 

converge uniformly on Um to f. The value of f at oo is given by 

/(oo) = - lim OMpN- 

N—i-oo 

Proof. Since / is rigid analytic on the affinoid Um, it is a uniform limit of rational 
functions with poles outside Um (§2.2, [S]). We may also assume, without loss of 
generality, that these rational functions are at 0. 

Claim 3.0.2. If r{z) is a rational function with poles outside Um, then r{z) is a 
linear combination of functions of the form 



(1 - az^^ f ' 
for some < fc, < i < M, and |1 — a| < 1. 

Proof of the claim. By the method of partial fractions, r(z) is a linear combina- 
tion of rational functions of the form 

with |6 — < 1, for some < i < M, and < <. Therefore, we need to prove the 
statement only for rational functions as in p.O.lOp . Note that 

1 ^ P{z) ^ V- , q^il-az^) 

(l-bzY (l-az^O* ^ ""(l-az^)*' 

y ^ y I o<i<M-i ^ ' 

for some polynomials p(z) and qi{z), < i < M — 1 and a = b^ . Since |1 — a| < 1, 
and the left hand side does not have a pole at oo, the right hand side is exactly as 
in the form stated in the claim. This proves the claim. □ 
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Using the claim above, we will prove the following estimate on the coefRcients 
of the Taylor expansion of / : 

Claim 3.0.3. For n G N :— {1,2,3, •••}, let n\N denote the unique integer such 
that < tiIat < Afp^, and Mp^ divides n — n]^- If we let cj^ :— sup„gf>j |a„ — a„|j^ |, 
then 

lim cjv = 0. 

N^oo 

Proof of the claim. First we note that, for 1 < fc, < i < M and |1 — a| < 1, 

^' _ ('^^^ ^i+Mn „ ^n. 

{l-azMf' ^\ k-1 - l^a^z , 

^ ' 0<n ^ ^ 0<n 

satisfy the property in the claim. If n ^ i{modM) then a„ = and hence 
Cat = sup |a„ - a„|j^ I < sup |ai_,_M(t+sp") - Oi+Mt I 

"EN S,t>0 
n = i{mod M) ~ 



sup \q{t + sp^)a"f" - q{t)\ d_ 



N, 

where q{t) := is a polynomial of degree k — 1 in t. Let a denote the 

maximum of the absolute value of the coefficients of q (i ) , and (5 : = | a — 1 1 < 1 ■ Since 
\a'P — 1| < max(/3/p, /J^), choosing Nq sufficiently large jaP"" — 1| < p^^ , and hence 
for N > No, |aP" - 1| < p-i^-^o)^ Then for N > Nq, < aip-^ + p-(^-^o)), 
and hence limAr_>.oo dN — limAr^oo cat = 0. 

Since any rational function r(z), whose poles are outside Umi is a linear com- 
bination of functions as above fClaim [3.0.2p . the statement is true for r{z). Note 
that for any power series g{z) := X]o<n ^nz", which is convergent on D{0, 1)° : 

(3.0.11) sup|6„| < sup |g(2:)|. 

0<ri \z\<l 

Let (rm) be a sequence of rational functions which are at 0, have poles outside 
Um, and which converge, uniformly on Um, to /. Letting 

0<ri 

and cj^-* :— sup„gpj |al'"'' — a|j'[)||; we know that limAr^oo Cjv"'' = 0, for all m. By 

uniform convergence and p.O.lip . limm_).oo supjvgN jc^'' — CAr| = 0. This implies 
the claim. □ 
Now, note that 

fN+l{z) - fN{z)= ^_ ^Mpiv + i XI (fln - a„|Ar)2"- 

0<n<Afp" + i 



Note that z e Um if and only if 1 < |1 - |. Letting < n < Mp 



I 1 _ ^A/p^ 

if \z\ < 1; and 



^^|. Letting n ^ ^ <- n,f^N+i 
= U"l < 1, 



- |(l/2M)p" + i - 1| - 
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if 1 < Izl and z S Um- Therefore, 



sup |/Ar+i(z) - /Ar(z)| < Cat, 



and we conclude, by Claim [3.0.31 that (/tv) converges uniformly to a rigid analytic 
function on Um- To see that this function, indeed, is /, we note that for \z\ < 1, 
\f{z) — fN{z)\ < cn . Then again Claim l370.3l implies the assertion. The last assertion 
follows from /Ar(oo) = —aMp«- D 

Corollary 3.0.4. Let f(z) = X]o<n'^"^" '^^ Provosition \3.0.I[ and < I < 

pM then 

lim \ai„N+i — ai„N I — 0. 
If limN^oo O'lq" exists then it is equal to 0. 

Proof. Since A/|((7— 1), Mp'^\{lq'^^^ ~lq^) and hence |a;^(iv+i) — o/^n | < 2cn. Since 
limyv-i-oo ctv = 0, the first statement follows. Assume that limAr^oo ^(7^a;„]v = a. 



Then 



qa = lim [Iq^'^^ainN + lq^'^^{ai„N+i — = lim lq^'^^ai„N+i = a. 

N^OO N—¥OQ 

Hence a = 0. □ 



4. Computation of the polylogarithmic part 

In this section we determine the frobenius action on the polylogarithmic quotient 
of the fundamental group of X'j^j. 

4.1. Computation of gj[eQei]. Let Coo G Lie 7^l_(^i^(J^j^,|) denote the element which 
is obtained by reSoo, the residue at oo, as in §2.1.31 
Applying to the identity 

^ ^ 6f ~1~ Coo — O5 
0<i<M 

we get 

X! 5r^e,g, = .g^(oo)-i( ^ ei)g^(oo). 

0<i<M 0<i<M 

Rewriting this, we obtain the fundamental identity 
(4.1.1) 5^(oo)( ^ 9~^e,g,) = ( ^ e,)5^(oo). 

0<i<M 0<i<M 

From the equation p.2.9p . we obtain 

dgA^^o] = J^*^^Q - P^o = 0, 

and hence that .gjr[eo] = 0, since 5jf(0) = 1. 
Similarly, for 1 <i < M, 

which gives that 

(C-^z)" 



gjr{z)[e,] ^pY^ 
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for z e D{0,1)° . Since gj^lci] is a rigid analytic function Proposition 13.0.11 implies 
that 



qT{z)\ei\ = lim ^ 'S^ ^ 



Q<n<Mp^ 

for z ^Um, and 

(4.1.2) 5^M[e,]=0. 
Comparing the coefficients of CiCo in both sides of (|4.1.ip gives 

gjr[oo)[et] + g^[eo] = gj^{oo)[eo]. 
Using (|4.1.2p . this gives gi[eo] = 0. That g.i is group- like implies that 

(4.1.3) g.,[e^] = 0, 

for all < n, and < i < M. 

Using this and the equation (|2.2.9p we see, by induction, that 

(4.1.4) 5^(z)[er'e,] -5(s;z)(z), 

for z £ D{Q, 1)°. Note that if a is a group-like clement with a[eo] — then 

(4.1.5) a[eSe,eg] = (-1)" + ^) a^+^e,]. 
This gives 

5^(z)Ke.eg] = (-1)^ (^^ + 5(a + 6 + 1; ^). 

Using Proposition 13 .0 . Il as above, we get 

(4.1.6) 5^(oo)[eSe4] = 0. 

Using (|2.2.9p and (|4.1.3p we obtain that dgjr[eie^''^ej] = 

T*uJigjr[e'Q^^ej] -p{g^[e'^~^ej]uj,+gjr[eieQ^^]ujj_ + gJ^[e,e'Q^^]ujj). 
From (14.1.61) and the fact that the above differential is regular at cxo, we get 

Using this and solving the differential equation we obtain that 

gAz)her^ej] = 

-S{s, 1; J, z; d2) + {-iy-'S{s, 1; j) + 5,[eg-ie,](r(l; z) - r(l; j)). 



This gives that 



1 . 



5.(oo)[e.er^e,] = (-l)V-,lmi^^ E 

0<n<Afp-" 

Using this we find a formula for gjleffCi], with s > 1, as follows. First upon 
comparing the coefficients of eoeieQ~^ej in ()4.1.ip and using ()4.1.3p and (|4.1.6p we 
find that 

gjr{oo)[eieQ~^ej] = ^"^[eoeieg"^]. 

Again by (|4.1.3p . S^Meoeieg^^] = -5^ [eoeicg"^] and by (I4.1.5p . gjKeieg"^] = 
{~iy^^sgj[eQei]. Combining these we get the following expression. 



12 



Sinan Unvcr 



Proposition 4.1.1. For s > 1 



g, [ege,] = -- lim — ^ ^ — — 



0<n<Mp'' 



4.2. An alternative expression for gj[eQ ^e.^] when i ^ j. First note that by 
the expression for gjr[ejeQ^^ej] in 

Claim 4.2.1. Iiirn^oc gAe^4'^e,][q^] ^ 

Proof. By Corollary 13.0.41 it is enough to show that the above limit exists. This 
follows from the observation that 



/•n /-n /-n+tq 

V — - V — = V V — 



5: 

0<n<,N + l 0<n<g" l<t<g-l 0<"< 

is congruent modulo 5^ to 



l<t<9-l 0<n<,« 
p/n. 



□ 



Then the above claim gives the following: 
Proposition 4.2.2. For i ^ j, we have 

4.3. Computation of gj[ei]. By (|2.2.7p . gj[ei] = {aj^{g))[ei] = g[ei^j]. Let l : 
X'j^j — X[ denote the inclusion, li i — j then using the functoriality of frobenius 
wiht respect to t we see that g[ei-j] computed on X'j^j is equal to g[ei] computed 
on X'l. But this last expression is by [3 §5.6]. Suppose now that i ^ j. Then 
gj[ei] = aif:{gj-i)[ei] = gj-i[eM]- Then as above, by the functoriality of frobenius 
for L, gj^i[eM], which is computed on X'j^^, is equal to 

(4.3.1) (to7.'-J^*(.7to))[ei], 

which is computed on X[. Here z — C^l^- and z' — Note that is good lifting 
of frobenius on Ui C Since i ^ j, z € Ui, and since J-{z) ~ z^ — z', we see 
that (|4.3.ip is equal to 5j^[C-~"][ei]- The last expression is computed by Proposition 
[mi] to be 

p ^ ((J-i)" 



Therefore we have the following expression for (7j[ei]. 
Proposition 4.3.1. If i — j then gj[ei] — 0. Otherwise 

1 - C^'"* 
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5. M-POWER SERIES FUNCTIONS 

In order to compute the higher depth part of the frobenius action we first study 
the type of functions that appear in these computations. 

Definition 5.0.2. Let n G N and let / : N>„ — >■ Qp[C] be any function. Wc say that 
/ is an M -power series function, if there exist power series Pi{x) G Qp[C][[x]], which 
converge on D{0, ri) for some ri > for < i < pM, such that /(a) = pi{a — i), 
for all a > n and pM\{a — i). We let the absolute value of f to be the maximum of 
the absolute values of the pi. 

Remark 5.0.3. (i) By the Weierstrass preparation theorem, the power series Pi in 
the above definition are unique. 

(ii) Fix < / < pM, and let / be as above. Then there is a power series 
p{x) e Qp[C][N] which converges on some D{0,r) with r > \p\ and 

f{lq'')=p{lq''), 

for N sufficiently large. 

Example 5.0.4. (i) Let s e Z and f{k) := C'k^, for p J(k and f{k) = for p\k. 
Then / is an M-power series function. 

(ii) Clearly the sums and products of M-power series functions are M-power 
series functions. 

(iii) Let / be an M-power series function. For any < Z < pM, with p\l let 

fl ■= lim f{n). 

pM\(n-l) 

Let /[^l be defined by 

iip\k and pM\{k - 1); and f^'^\k) = 0, if p J(k. We then see that /W is an M-power 
series function. In fact, if and p is a power series around such that f{n) = p{n) 
for all pM\{n - I) then /[^l(n) = q{n), for all pM\{n - I), where 

X 

Inductively, we let /I'^+^l := (/I*^])!^!. 

(iv) Using the notation as above, let be defined by /^^^(A;) := /'^'(fc), if p\k; 
and /^^H'^) = "^^1 if P /f^- Then f^^^^ is also an M-power series function. 

Proposition 5.0.5. Let f : N>„o Qp[C] be an M-power series function. If we 
define F : N>„„ ^ Qp[C] by 

no<k<n 

then F is also an M-power series function. 

Proof. Note that / is uniquely extended to an M-power scries function / which 
is defined on all N. Then since F{n) :— X]i<fc<n /(^) = -F(^o ^ 1) + F{n) for all 
n > no, that F is an M-power series function implies the same for F. Therefore, 
without loss of generality, we will assume that no = 1. 
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For 1 < t < pM, let 



l<k<n 0<a<n-t 
pMUk-t) pMla 



for t <n and Ft{n) = otherwise. 

Since F{n) = X]i<t<pM -^*(")' suffices to prove that each Ft is an M-power 
series function. Fix 1 < i,t < pM and suppose first that t < i. Let Pt{x) = 
'^o<j (^3^^ ■ By assumption there is an e > such that lim„_^oo ajp'^^~^^ = 0. 

Recall the formula for the sum of the j-th powers: 



l<m<n 0<k<j ^ ^ 

where By^ are the Bernoulli numbers defined by 

0<fe 

The Von Staudt-Clausen theorem gives the bound \Bk\ <p- 
Then for n > 

Fti^ + npM) = ^ f^' + ^) (-D^^.n^'^-^ 



1<! 
0<fc 



0<k<j 

l+k- 

l + k \ k 
Therefore letting qt{x) = J2i<i 'with. 

k-l 



0<fe 

we have Ft{i + npM) = qt{npM). 
Note that 

„(;/2+fe)£ 



l + k ' 

Since lim;_^oo ai+h-iP^''~^''~^^^^~^^ = and 

Al/2+k)e Tjil+k)i 

lim 1^-- —I < lim -I = 0, 

/->co ' l + k ' ~ i^oo ' l + k ' 

we see that limj^oo hp^^^'^^"^^ = 0. 

On the other hand iii <t, then we have 

Ft{i + npM) = Ft{t + npM) - f{t + npM) = qt{npM) - pt{npM). 

This proves that Ft is an M-power series function as desired. □ 

Corollary 5.0.6. //" /i, /2 • • • ,fk are M-power series functions, then the function 
G defined by 

G{nk) := E fi{ni)f2{n2)---fk{nk) 

0<ni<n2<---<nk 

is an M-power series function. 
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(6.1.2) r ij-u - ^T^^ + .9.[ed5,[e.] -5.[e,e.]. 



6. Computation of the higher depth part 

6.1. Computation of gi[ejek\. The regularity of gjr at oo implies the regularity 
of dgjr[eiejek\ at oo. By (|2.2.9p . this gives 

(6.1.1) -g^(oo)[ejefe] +5^(oo)[eiej] +5j:^[eiej] +5j^[e,]5j[efe] +g,[ejefe] = 0. 
Since by gH 

gjr{oo)[eiej] = -gjle^ei] = 

for i ^ J, we have, for i, j', k all distinct, g^^[eiej] — 
X{2-j-k) _ X{2-i- j) 

1 - c^-^ 1 - c- 

Recall that 

5.F[e;e„i] = -S{1, 1; m, I; ^2) + S{1, m) + gi[em]{T{l; I) - T{1; m)). 

6.1.1. Computation of gi[ejei\. Using (|6.1.ip with k = i, the fact that gjr and gi 
are group-like we obtain: 

gdejei] = ^gj[ei]'^ - gjr{oo)[eiej]. 
Then Proposition l4.3.l1 gives the following expression. 
Proposition 6.1.1. Assuming that i =/= j, we have 

5«[eje,j - 2 ^ 1 _ (^i-J 1 _ (^J-i ' 

6.1.2. Computation of gi[ejek]. Using the differential equation above gives that 
gAeiSjCk] = <S'(1, 1, 1;k,j,i;d2,d3) - 5'(1, 1, 1; j, k,i-,d3) - 5(1, 1, l;j,i,k;d2) 

+S{1, 1, l;i,j,k) - gj[ek]{T{l, l;j,i;d2) - T(l, l;k,i;d2)) 
+g,[e,]{T{l, 1; i, k) ~ T(l, 1; j, k)) - gk[ej]S{l, 1; i, k) + g^\e,ej]T{l, k) 
+5j[efc]S'(l, 1;«, j) -5j[e^]gj[efc]T(l;j) + g,[ejek]T{l;i). 

Let us group the terms as follows. 

(i) g^S'(s;i;d2,ci3)[g^] = 0, for any s := (si, 32,33) and i (ii,i2,i3)- 

(ii) g^T(l;i)[<7^] = C-^ 

(iii) q^S{s, l]i,j)[q^] ^ C-F{s]i - i){q^). Hence the limit is 

lim q''S{sA-i,j)[q''] - C'-X{s-j-i). 

N—>oo 

(iv) g^^(3i, S2, 1; J, fc; d2)[g^] = r^Z(si, ^2; ^- j, fc - z; d2)(g^) 
Hence limAr_j.oo q'^S{si,S2, l;j,i,k;d2)[q^] = S2;i - j,k - i;d2). 

(v) g^(5(l, 1, 1; j, fc, i; dg) + 5^.[efe](T(l, 1; J, z; ^2) - Z(l, 1; fc, d2)))[<Z^] 
is equal to 

C"-(Z(1, 1; fc - J, » - fc; n2)(g'^) + 5^.[efc]((G(l; * - j; m) - G(l; z - fc; ni))(g^))) 
Let us rewrite the same expression as 

^n2(i-fc) 

n2 



/-n2{i-k) , , 

E ^ (3,[efc](c^^-^^"^-i)+z(i;fc-j)("2)). 
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Lemma 6.1.2. Let < I < pM such that p\l, and I < t then 

lim F(t;^)H = (-l)*-Mere,](l-C^'). 

pMl(n-l} 

Proof. By Corollary 15.0. 6[ F{t;i) is an Af-power series function. Therefore the 
limit exists and is equal to 

lim F{t;i){lq^) = lim V ^ = p* Y C"" lim V 

0<»ii<iq" ^ 0<a<l 0<n<5« 

which is equal to g[eo"^ei](l - C-0> if < i < M, by Proposition gXl On the 
other hand, if z = M, then the equality follows since both sides of the expressions 
are m §5.11]. □ 

The main expression is then equal to 

^-i J2 C(^-^'F«(i;fc-j)(n2)=:r^i^(i,(l);fe-j,*-fe;n2)(g'^). 

0<n.2<g^ 

By Example EEKiii), F'-^^l;k — is an A/-power series function. Then by 

Proposition 15. 0.5] and Remark 15.0.31 (ii), the limit exists as — ?> oo and is equal 
to C~-X{l,il);k~j,i-k;n2). 

(vi) g^(5(l, 1, 1; J, fc) + 9^{e,){T{l, l;i,k) - T{l,l;j, kMq^] 

/-(k-j)n2 

^ — ' 712 

0<n2<9" 

0<ri<g" 

= r^Z(i,(i);j-*,fc-j)(9^) 

As above the limit of the main expression as iV ^ oo exists and is equal to 

Therefore we have, g^Cj-efe] = -C,-~-9k ^[^iej] + C" -9jV^i]9j[^k] 

-C^-lXil-j - i)gj[ek] + C^-i^Xil; k - z).9fc[e,] + (-"^^-(1, 1; z - j, fc - i- da) 
+-Y(1, (1); k-j,i-k- n2) - C^-^X{1, (1); J - z, fc - j)- 
Using equation ()6.1.2p . we see that, for k distinct: 

(l-C^-^)5.[e,efc] = 

X{1, (1); fc - J, i - fc; 712) - e-^X{l, (I)- J -~i,k- j) 

+c^^xii, 1; 7 - - 1; .2) - + c^-^m^-j) 

C^-^A'(l;j-7)A'(l;fc~j) C^-^A'(l;j~fc)^(l;fc-») 

1 - 1 - (^i-i; 

(C^-i-C^-fe)A'(l;i-j)A'(l;fc-j) 



(1 - C--i){i - C^-i) 
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Corollary 6.1.3. We have gj^leiCjCk] = 

5(1, 1, 1; fc, J, I- d2, d3) - S{1, (1), (1); J, fc, i; d-,) - S{1, 1, (1); j, i, fc; d^) 
+S{1, (1), (1); J, fc) - 5fe[e,]5(l, (1); fc) + gj[ek]S{l, (1); j), 
where gk[ej] is given by Proposition \4.2.'S\ 

6.2. An explicit formula for F{t;i). The following very simple proposition will 
be crucial throughout the paper. 

Proposition 6.2.1. Let f be a rigid analytic function on IAm such that 

df = dg + hujo+ ^ aiUi, 

l<i<M 

with g{z) = X]o<n '^nz", h{z) — X]o<ri ^"-^"i £ *Cp- Suppose that for < I < pAI, 
liniN ^oo{l<l^ O'lq'^ + biqN) exists. Then 

\im {Iq'^ai N +bi N) ^ V C"''a»- 

l<i<Af 

Proof. This is an immediate consequence of Corollary 13.0.41 □ 
Suppose that t > 1 and s > 2, the equation (|2.2.9I) gives that 



J r t—1 s— li r s^li r t—1 s— 2i r t—1 s— li 



Since 5^[e*~'efce^^i] = (-l)^-i (^tl72)5(s + i- 1; k) by gXl) . and letting {x)k 
x{x + 1) ■ ■ ■ {x + {k — 1)), we see that 

-{s)t^idS{s + t- l,l;k,j;d2) = J'*cj-,gjr[eo"^efeeg"^]. 



it-iy- 

This gives that dgjr[ejel;~^eke^„~^] ^ jt^is)t-idS{s + t - l,l;k,j;d2) 



-pgAejel ^efeCg ^]ujq ~ pgjle^ ^efecg 



Proposition 6.2.2. If we let gjr{z)[ejel~^ekeQ'^^] = X]o<n''"-^"' 

lim Qqiv = C~-5j[eo~^efceo], 

/or an?/ < Z < pM. 

Proof. We will prove the proposition by induction on s. Note that gjr[ejeQ~^ek] - 

-S{t, 1; fc, j; d2) + (-l)*-'5(i, 1; i, fc) + [e*-iefc](T(l; j) - T(l; fc)), 
by The coefficient of z" in g j^[ejeQ~^ek] is "^^""^ where /'ir(n) := 



By Lemma r6.1.2l we see that 



hm F{t;k~Mq^) = (-l)*-!^, [e'-^efc] (1 - ((^"i)'). 
This implies by Example 15.0.41 (iv) that — 

K^'Hn) = -C'lFit-j - k-d2){n) + C^^Z^^H^; ^ " 
is an M-power series function and hence by Remark 15.0.31 (ii), 

lim K'^^\lq^)^ lim C-F^^\t-k ^ j){lq^) 

N—^oo N—^oo 
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exists, for any < Z < pM. 

Since dgjr[ejeo~^efeeo] = tdS{t+\, 1; k,j; (i2)-pgj^[eje*~"^efe]wo-TOj[eo~^efeeo]wj, 
the existence of the above Hmit and Proposition 16 . 2 . l1 imphes that 

lim if(i)Gg~)= lim C^F^^\t-k - mq"") = C'-' 9 K'^e.e^]. 

N-^oo N^oo —J 

This gives that gj^leje^'^^ekeQ] = 

E {r + l)t-iS{t + r,2-r;k,j;d,) + {-lYS{t,{2);j,k), 

and the coefficient of z" in this expression is 

^ 0<r<l 



Since ^'^^'^if^'^ = F^'^^t; i; , we inductively we arrive at the fohowing expression 

for gjr[ejeo"^efeeo"^] = 



(-1)^ 



J2 ir + ^)t-iS{t + r,s-r;k, j; ds) + {s);j, k), 



{t-l)\ 

^ ' 0<r<s-l 

and the coefficient of z" in this expression is 

Now let gjr\ej^^^ ek&Q~^\ = X^Cn-z"- Since c„ is expressed in terms of the values 
of an Af-power series function by the above expression, the limit livaN^ooCiqN 
exists. In order to find this limit, we employ Proposition 16.2.11 in the differential 
equation for dgj^[ejeg~^efceg] and find that 

lim c,,iv = C"-5j[eo~^efceg]. 
Using the expression above this gives Um_/v^oo F^^\t\ k — j){lq^) — 

These limits determine the M-power series function F(t; i) completely as 
F(t;z)H = (-l)*-i(g[e*-ie.](l -C-") - 7T^ E ^'"(^ + 

^ l<r 

for p\n. □ 

The proof of the above proposition has the following corollaries. 
Corollary 6.2.3. For t > 1, p\n and M jz, we have 



p* E fr = (-i)*"'(5[4~'e.](i-r)-7T^EC'"(^ + i)*-iffK+'~'^^^ 
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Corollary 6.2,4. For, t, s > 1 and j ^ A;, we have gj^[ejeQ~^ ekeQ~^] = 

J2 {r + l)t-iS{t + r,s-r;k,j;d2) + {-ir+'S{t,{sy,j,k). 

^ '' 0<r<s-l 

6.3. Computation of gi[ejekef^. We already made this computation for s = in 
i)6.1l We will do induction on s. So we assume that s > 0. 

The diiferential equation gives dgjr[eiejekef^ = gj^[ejeke^F*uJi 

We will use Proposition 16.2.11 to make the computation. Using Corollary 16.2.41 

gj^[ejekeo]T*uj^ = d{- Y.o<r<i S{l + r,2-r,l; k,j, i; ^2, ds) + 'S'(l, (2), k, i; ds)) 
and -gjr[ei]ujj_ = ^5(1, 

Note that Iq'^ S{a,b,l; kj,i; d2,d3)[lq^] = 0, 

lq^S{a, (6), 1; J, k, i; d^mq^] - C"" ^(a, (&); k-j,i-k; n2)(/q^) 

and 

lq^S{a, 1; z, - (^^'^(0; J - 

On the other hand using Corollary 16 . 1 .31 we obtain an expression for gj^^aejek], 
and noting that: 

(i) 5{a, (&), (1); J, fc, z; d3)[^9"] - C^'F^^a, (&); fc - j, z - fc; n2)(Zg^) 

(ii) S(a, 6, (1); J, fc; d^^lq^] = C^'F^ (a, b;i-j,k- i- d^Wq^) 

(iii) 5(a, (6), (1); J, k)[lq^] = (-^'F^'^a, {b);j -i,k~ j){lq^) 

(iv) S{a,il);i,k)[lq^] = C-'^^F^^\a;k ^ t){lq^). 

Since the above limits exist as ^ 00 we can use Proposition 16.2.11 and 
obtain that the limit of the following as — 00 is equal to — 5i[eje^,eo]C~-' — 

C-F{1, (2); k~j,i-k- n2)(/g^) + gAekeo]C^' F{1; j - i){lq^) 
+C- F^'Hh (1); k^j,z^k; n2){lq'') + C-F^'\l, 1; * - J, fc - z- d^m"") 
-C-^'f(i)(1, (1); j - z, fc - +5,.[e,]C-^'F(i)(l; A; - 

This gives the following formula, with i, j', and k pairwise distinct, for gi[ejekeo\ ■ 
(2); k~j,t~k; 712) - -^-^X{2; k - - i) 

-X^'Hl, (1); k-j,i-k; 712) - C~^X^'^ (1, l;i-J,k- i: ^2) 

Ci-fc^(l;j-fc)A'W(l;fc-») C-'^A'(l;fc-j)A'W(l;j-») 

1 — 1 — ^-^^i 

Now Proposition 16 . 2 .T] implies that gj^leiCjekeo] = 

- J2 Sil+p,l + q,l + r;k,j,i;d2,d3) + Sil,i2),{iy,j,k,i;d3) 

0<p,q,r<l 
p+q+r=l 

+5(1, (1), (2); j, fc, i; 4) + 5(1, 1, (2); j, z, fc; ^2) + 5^ [efeeo]5(l, (1); z, i) 
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-5(1, (1), (2); J, ft) + 5fe[ej]5(l, (2); A;) - .gj[efe]5(l, (2); j). 

We use this information in the differential equation for dgj^leiCjCkeQ] above and 
this gives a formula for gi[ejeke'^- Inducting on s, we find the following formulas 
for g;r[eiejefceg"^] and .gjcj-efceg]. Namely, SJ^ieiej-efceg"^] = 

(-1)'"' E S{l+p,l + q,l + T-k,j,i-d-2,d^) + [-lYgk[ej]S[l,{s)-i,k) 

0<p,g,T 

+(-1)^ ^ 5(l,(l+p),(l + q);j,fc,z;d3) + (-l)'^5(l,l,(s);j,z,fc;d2) 

0<p.q 
p+q=s-l 

+ (-l)'"5,[efcer'-15(l, (1 + r); z, j) + (-1)^-^5(1, (1), (s); j, fc). 



0<r<s-l 



Then using the differential equation for dgjr[eiejekeQ\ and using Proposition l6.2.1] 
and noting that 

(i) S{a, (&); i, fc) contributes C"-A:'*''na; ^ - *) 

(ii) 5(0, (6), (c); fc, i; (^3) contributes (a, (6); fc — j, i — k; 7*2) 

(iii) 5'(a, &, (c); j, i, fc; ^2) contributes C~-A'^'^'(a, b;i — j,k — j; ^2) 

(iv) S'(a, (6);i, j) contributes C-X''''\a\j - i) 

(v) S{a,{b),{c);i,j,k) contributes ('-X'-''^ {a, (b); j ~ i, k - j). 
Therefore we obtain that —(~-gi[ejekeQ] — C~^9j^[^i]9j[^kSQ] — 

{~iy+'C-9k[e,]X^'^ (1; fc - z) + i-ir+\-^X^^^ (1, 1; z - J, fc - j:d2) 
+{-iy+\-'- J2 ^^''Hl,(s + l-r);fc-.7,z-fc;n2) 

0<r<s 

+r- E (-l)'''.9,[efceri^('-'(l;J - + (-1)^C-^A'(^)(1, (1); j - z,fc - j). 

0<r<s 

This proves the following proposition. 

Proposition 6.3.1. Assume that i,j and fc are pairwise distinct and that s > 0. 
Then we have f^^Gi^fce^] — 

{~irC--^^P^-r^X^'^ {l;k-i) + (-l)X^-^A'('^) (1, 1; z - J, fc - j; d2) 

1 - C- - 

+ (-1)^ ^ A'M(l,Gs + l-r);fc-j,z-fc;n2) 

0<r<s 



0<r<s 

+(-i)-^C-^^^^^ (1, (1); . fc - + C^^^ ^^^^f 

6.4. Computation of (7i[6j6Q~^ejeQ~^]. We know the answer if s = 1 from the 
previous section. Let us assume that s > 1. Also first assume that t = 1. 

6.4.1. Computation of gilejCQ^^ej]. Assume that s > 1. The differential equation 
gives dgjr[eiejeQ~^ek] = 

gj=-[ejeQ~^ek]J^*uJi -pgi[eJeQ''^ek]uJi~pgJr[e^]gJ[eQ^^ek]uJJ - pgJ^[e,]gj[eQ~^ek](^j 
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Computing residues at oo in the above expression, we obtain tha-t g{\cjCQ ^6^] — 

g^(oo)[ejeo"^efc] - .g^(cx))[ejejeo"^] - gJ^[e^]gj[e'o^^ek] - .g^ ^ ^6^60"^] 

Computing the residues in the differential equation for dgj^leiejeg] we obtain 
that 

ff^(oo)hejeg~^] =ff^(oo)[ejeg] - g^[eje'o] = (-l)"+^g4egej]. 

Using the expression gjr[ejeQ~^ek] = ( — l)^sgfe[egej] that we found in we 
obtain that gi[eje^~ Ck] = 

gfc[ejejeo"^] + (-l)^(sgfe[egej] + g,;[egej] + gk[ei\gk[eo^^ej]) + gj[ei\gj[e'Q~^ek]. 
This proves the fohowing proposition. 

Proposition 6.4.1. Assume that and k are pairwise dinstinct and that s > 1. 
Then g.,[ejel''^ek\ = 

^ gA'(5 + l;j-/c) A'(.s + l;j-z) A^(l;^-fc) A'(g;j-fc) 

where gk[eiejeQ~^] is given by Provosition \6.3.'1\ 

Using the expression for g_7r[e;egemeo] above we see that dgjr[eiejeQ~^efe] — 

d(5(s,l,l;fc,j,^;d2,d3)) + (-l)'5(s,(l),l;J■,fc,^;^^3)+5J[e^'efc]^(l,l;^,J) 
^[ejeg"^]5'(l,l;i,A;) + (-1)" ^ 5(1 + r, s - r, 1; j, i, fc; dj) 

0<r<s-l 

+(-1)^+15(1, J, fc))+ 5] a.w„ 

l<i<M 

for some at G Qp[C]- By the same arguments as above we see that the hypotheses 
of Proposition 16.2.11 are satisfied, and then this proposition implies the following. 

Proposition 6.4.2. Suppose that s > 1, then we have gj^[eiejeQ~^ek] = 

Sis, 1, 1; k,j, I- d2, da)) + i-iySis, (1), (1); j, fc, t; d^) + gj[eg-iefc]5(l, (1); z, j) 

+gk'[eje'o~']S{l,{^hhk) + i~ir ^ 5(1 + r, s - r, (1); j, z, fc; ^2) 

0<r<s-l 

+ (-1)^+^5(1, (s),(l);z, J, fc). 

6.4.2. Computation of gileje^'^^ekeQ'^^]. Assume that s,t > 1. Then the differential 
equation gives that d5j^[eiejeg^^efeeQ^^] = 

gj^[ejeQ~'^ekel~'^]T*u!i - pgjr[eiejeQ~'^ekel~^]ujo - pgi[ejeQ~'^ekel~^]u!i 
,-ir„i„ r„s-i„ „t-ii, . „„ r„i„ r„s-i„ „t-ii 
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We will use Proposition l6 . 2 . D and do induction on t, starting with the formulas we 
found above for gjr[eiejeQ~^ek] and gj^[eaeQebe^]. We find that gjr[eiejeQ~^ekeQ'^^] — 

(-1)*-! 



(s-1)! 

r+q<t-l 



^ (r + l)s-iS{s + r,l-q,t-{q + r); k, j,i;d2,d^) 



0<r<t-l 

+ ^_iy+t+i S{l + r,s-r,{t)-3,i,k-d2) 

0<r<s-l 

^^_lY+t+i J2 S{s,{t+l-r),{r);j,k,i;d3), 

l<r<t 

for s > 1 and t > 1. 

We also obtain that — C~-5i[6jSo "^efcCQ^"^] — C^^57^[^*]^'j[^o~"^SfcSo "^1 = 

E (-lr+'5,[e^'efee*-2-1A'(l+'■)(l;J-^) 

0<r<t-2 

+r^(-l)*-ig,T^ [e,e',-']X^'-'^ (1; fc - + C-^(-1)^+*<Y'*-^) (1, (s); -^,k- j) 
+<^-k(-iy+t+^ E A'(*-i)(l + r,s-r;i-j,fc-i;d2) 

0<r<s-l 

l<r<t-l 

+C-{-ir+'+'Xis, (t); fc - J, z - fc; n2) + C'-gAeo-'^kelr^W; j - z). 
Using the formula for the polylogarithmic part above, we obtain the following. 
Theorem 6.4.3. Assume that s,t >2. Then gi[ejeQ~^ eke^y^] = 
(_^Y-l.^-, (s + t-2\ X{l;i-j)X{s + t^l;k^3) 

0<r<t-2 ^ / C 

1 - C- - 



0<r<s-l 

+ ^ A'W(s,(t-r);A:-j, i-fc;n2)+A'(s,(t);fc-j,*-fc;n2)) 

l<r<i-l 

for distinct i, j, k. 
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